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Fundamental concepts proposed for comprehending stereochemical phenomena are described in order to bring out
a more systematized format to conventional concepts and terminologies. The concept of coset representation (CR), the
symbol of which is G(/G,), is intuitively introduced by considering the global symmetry G and the local symmetry G; for
an orbit of stereochemically equivalent objects (e.g. atoms in a molecule). The SCR (set-of-coset-representations) nota-
tion for classifying molecular symmetries is proposed to remedy the usual insufficient classification based on point
groups. According to the chirality/achirality of G and G, the sphericity concept (homospheric, enantiospheric, and
hemispheric) and the relevant concept of chirality fittingness are proposed to specify the stereochemical phenomena of
the G(/G))-orbit. The sphericity terms are shown to be superior to the well-known topicity terms (homotopic, enan-
tiotopic, and heterotopic; chirotopic and achirotopic) especially in comprehending complicated stereochemical phenom-
ena. In fact, the topicity terms as well as the terms “stereogenicity and prostereogenicity” and “prochirality” can be de-
rived subsidiarily from the sphericity terms. The concept of subduction of CRs, for which the symbol G(/G;) | G; has
been coined, is proposed to characterize the desymmetrization of molecules. Thereby, the design of high-symmetry mol-
ecules is discussed in term of desymmetrization by atom replacement and by bond replacement. In order to characterize
the stereochemistry of non-rigid molecules with rotatable ligands, the concept of proligand/promolecule is proposed;
here biphenyl derivatives, methane derivatives, ethane derivatives, and ferrocene derivatives are examined in terms of
matched and mismatched molecules. Applications to combinatorial enumeration, symmetry adapted functions, flexible
six-membered cyclic compounds, and symmetry numbers are also described.
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Stereochemical phenomena have rationally been treated on
the basis of polyhedral skeletons such as a tetrahedral model
proposed by van’t Hoff' for organic chemistry and an octahe-
dral model proposed by Werner* for inorganic chemistry.
Thereby, an enormous accumulation of experimental results
has been categorized into several specified fields, which have
been disccussed thoroughly but distinctly. As a result, each
one of the fields has developed a distinct methodology, as sum-
marized in reviews and textbooks on organic®* and inorganic
stereochemistry.’ Although such distinct methodologies have
been of course related to each other, they have little been dis-
cussed from an integrated standpoint based on logical or math-
ematical foundations. Such an integrated standpoint should
cover the following items of various features:

1. The integrated standpoint should treat stereochemistry in
a molecule successfully. In other words, it should be capable
of giving a common foundation to (1) conventional terms such
as “asymmetric carbon center” and “pseudoasymmetric carbon
center”,%” (2) the sequence rule proposed by Cahn, Ingold, and

Prelog (the CIP system)® and its application to the “prochirali-
ty” by Hanson,” ™! (3) the terms “prochiral, pseudoasymmetric,
and propseudoasymmetric centers” defined by Prelog et al.,'>'*
(4) the terms “elements of chirality” and “elements of
prochirality”,'>"'7 (5) the topicity terms (“enantiotopic” and
“diastereotopic”) introduced by Mislow and Raban'® and rele-
vant terms “equitopic” (by Nakazaki'®?®), “homotopic” (by
Hirschmann and Hanson'?), and “heterotopic” (by Eliel?"), (6)
the term “chirotopic” proposed by Mislow and Siegel,?* (7) the
term “local (site) symmetries” discussed by Flurry,® (8) the
term “framework group” proposed by Pople,?* (9) the terms
“stereogenic” and ‘“prostereogenic” proposed earlier by
McCasland® and revised by several groups,”=° (10) the term

“symmetry number”,*' and (11) the terms “anisochronous”*>%*

and “anisogamous”.**

2. The integrated standpoint should explain stereoisomer-
ism among molecules. A repertoire of this item involves the
following conventional subjects: (1) the point-group symme-

tries of molecules,*>° (2) the terms “enantiomeric” and “dias-
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tereomeric”,” (3) the conformation of cyclic compounds,

(4) the symmetries of molecules with rotatable ligands such as
ethanes*>** and ferrocene,* (5) the term “highest attainable
symmetry”,*4%18 (6) the terms “residual diastereoisomer-
ism™ and “residual isomer”,*® (7) chirality functions,**>! (8)
permutation isomerism,>>>* (9) dynamic stereochemistry, >
and (10) the configuration symmetry group.’’

3. The integrated standpoint should support combinatorial
enumeration of isomers and stereoisomers. This item is con-
cerned with (1) Pélya’s theorem,® %> Redfield’s method,® 3
and related tools for chemical combinatorics,’® (2) isomer
enumerations (not concerned with stereoisomers),*7! (3)
graph enumerations,’>’* (4) enumeration by double cosets,’>’0
(5) enumeration of rigid isomers,”””” (6) enumeration of non-
rigid isomers,**8! and (7) enumeration of stereoisomers con-
sidering formulas and symmetries.®?%7

4. The integrated standpoint should be applicable to both
organic and inorganic stereochemistry. It should be so extensi-
ble as to be applied to models other than teterahedral and octa-
hedral ones.

None of the conventional approaches have succeeded in
covering all of the items listed above. Thus, although the
methods cited above as the conventional approaches have been
suitable to discuss the distinct subjects at which they aimed
originally, they have possessed restricted capablilities of ex-
plaining other subjects. For example, the stereochemistry
(Item 1) has been frequently discussed apart from stereoisom-
erism (Item 2), as exemplified by the section title “stereochem-
istry without stereoisomerism” (by Mislow and Siegel?).
Moreover, the concepts and terminologies described above for
the stereochemistry (Item 1) have not supported the combina-
torial enumeration of stereoisomers (Item 3). The methods re-
ported for Item 3 are ineffective for Items 1 and 2.

We have proposed the sphericity of an orbit as an integrated
standpoint to cover Items 1 to 4, where the orbit composed of
equivalent objects is considered to be governed by a coset rep-
resentation (CR), as published in our monograph.®® In this pa-
per, the superiority of the sphericity concept to other concepts
is clarified by using illustrative examples after intuitive defini-
tions and introductory remarks. This paper is also devoted to
show further aspects developed recently.

40,41

1 Orbits and Coset Representations

A set of equivalent objects (atoms, bonds, faces, ligands,
edges, etc.) in a molecule is called an orbit (or an equivalence
class).**® Let us consider the hydrogen atoms of adamantane-
2,6-dione of D,,-symmetry (Fig. 1). As found easily, the hyd-
grogen atoms are classified into a set of eight bridge hydrogens
and another set of four bridgehead ones, which respectively
construct two orbits, A; (Eq. 1) and A, (Eq. 2).

A= {H(u)’ H(b), H(t‘)’ H(d); H(a')’ H(b’)’ H(t")’ H(d')} )

A = {H(A), H(B), H(C), H(D)} ?2)

The orbit A, is assigned to a coset representation (CR) de-
noted by a symbol D,,(/C;), since the global symmetry of ada-

mantane-2,6-dione is found to be D,, and the local symmetry
of each hydrogen of the orbit A, is decided to be C; (= {I}).
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Fig. 1. Orbits in adamantane-2,6-dione.

The local symmetry C, is the point group that fixes a hydrogen
of A;. Thus, any operation other than an identity operation (/)
converts the hydrogen into one of the remaining hydrogens of
A;. On the other hand, the orbit A, is assigned to a CR
D,,(/Cy), since the local symmetry of each hydrogen of the or-
bit A, is decided to be C, (= {/,0,}), where an appropriate one
of conjugate subgroups is selected as a representative. For ex-
ample, if a mirror plane (o,) is selected to involve H® and
H®, a reflection with the mirror keeps the hydrogen H? (or
H®) immobile. Hence, the local symmetry for the A, is deter-
mined to be C,.

Although such CRs as D,4(/C,) and D,,(/C,) are here ob-
tained by the intuitive method described above, they are a kind
of permutation representations that are rigorously defined alge-
braically by means of mark tables,®®* which have been intro-
duced by Burnside.” The algebraic method will not be dis-
cussed in this paper, because the intuitive method of this sec-
tion is sufficient for understanding most of the subjects of this
paper. For brief comments on mathematical foundations and
illustrative examples, see Appendices A1 and A2.

In general, an orbit is governed by a CR G(/G;), where G is
the global symmetry of the molecule and G; (C G) is the local
symmetry of each atom of the orbit. The symbols such as
G(/G;) have been coined by us to show that the permutation
nature of the orbit is governed by the coset decomposition of
the global symmetry G by the local symmetry G;.>* The num-
ber of members accommodated by each orbit is equal to |G|/
|G;|, where the symbols |G| and |G;| designate the orders of
the subgroups.

2 SCR Notation

The discussion described in the preceding section reveals
that a set of orbits (and the corresponding set of CRs) charac-
terizes the symmetry of the molecule at issue. In the light of
this result, we have proposed the SCR (set-of-coset-representa-
tions) notation of molecular symmetry.”>>> The SCR notation
takes explicit account of orbits, where the members of each or-
bit are designated. Thus, the symmetry of adamantane-2,6-di-
one (1) is designated by the following SCR notation:

D, [/C,(Hs); /Cz/(c4); 2/Cy(Ha, Cy); 2/C,,(Cy, O7)],

where each semicolon is used to differentiate the orbits of the
mother skeleton. For example, the symbol 2/Cy(H,, C4) with a
semicolon in the SCR notation expresses that each of the two
four-membered orbits governed by D,,(/C,) contains equiva-
lent Hy or C4. The character (e.g. 2) before the slash may be
omitted without any confusion, since it is obtained by counting
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elements in parentheses. The number of members in each orbit
is equal to |Dyy|/|C,| = 8/2 = 4, where the symbols |Dy,| and
|C,| designate the orders of the subgroups.

The usual point-group approach mentioned in most textbooks
on stereochemistry® and on chemical group theory*=>%%7 has a
disadvantage that it is incapable of discriminating molecules of
the same point group. This essential disadvantage is exemplified
by a variety of D,;-molecules depicted in Fig. 2, where their sym-
metries are decided to be the same within the usual point-group
approach. The disadvantage can be remedied by the SCR notation
by considering orbits and the corresponding CRs.

The top row of Fig. 2 illustrates a variety of adamantane de-
rivatives belonging to the same D,,-symmetry. They are dis-
criminated from each other and from 1 by virtue of the SCR
notations accompanying the formulas. Hetera-adamantane de-
rivatives depicted in the middle row of Fig. 2 are assigned to
distinct SCR notations, although they belong to the same Dy~
symmetry within the point-group approach. The bottom row
of Fig. 2 illustrates other D,;-molecules, which are discrimi-
nated from each other by virtue of the SCR notations. While
allene (8) and a biphenyl (9) can be regarded as rigid com-
pounds, pentaerythritol (10) is a flexible molecule with rotat-
able ligands. The symmetry of 10 is decided to be D,, in the

S CH, FF
F. %; F
Py |
S CH, F F
2 3 4

2: Dyy[/C1(Hs); /C5(Ca);2/Cs(Fa, Ca);2/Cay(C2, S2)]
3: Dyy[/C1(Hs); /Ch(Cy); 3/Cs(2Hy, Cy); 2/Co, (2C,)]
4: D[/ C1(Hg); /C(C4);3/Cs(Ha, Cy, Fa); /Cay(Co)]

z 0] z S SO,
(0] S 0,8
6

5 7
5: Dyy[/C1(Hs); /Ch(Ca);2/Cy(Hy, Ca); /C20(02)]
6: Dyy[/Ci(Hs); /C5(Ca); 2/Cs(Ha, Ca); /Cau(S2)]
7: Dag[/Ci(Hs); /C5(Ca); 3/Cs(Ha, Cu, 04); /Cau(S2)]

(a)

P CH,OH
(b)

(C)H._
"'c:c:c/

H
@H \H HOCH,

Br
W
Z—>>—TF
Br
Br HOCH,
8 9 10
8: Daa[/C,(Hy); /Cay(Ca); /D2a(C)]
9: Dyufd/C,(Ha, 2Cy, Bry); 3/Ca (2Ca, Fy)]
10: Dyy[/Cy(Hg);3/Cy(Hy, Cy, O4); /D2y(C)]

CH,OH

Fig. 2. SCR Notations for molecules of D,,-symmetry.
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highest attainable symmetry.

Although Pople’s method based on “framework groups”,?*
some revision pointed out by Brocas,®® and Flurry’s method based
on local symmetries*> have been reported to remedy the drawback
of the point-group approach, they have not explicitly taken ac-
count of orbits. In contrast, the SCR notation proposed by us®” is
more systematically defined by means of orbits and CRs. One of
the merits of the SCR notation stems from the fact that it is closely
linked with combinatorial enumeration of isomers and stereoiso-
mers, as discussed in terms of the USCI (unit-subduced-cycle-in-
dex) approach.

3 Sphericity

3.1 Chirality Fittingness by Sphericity. Suppose that an
orbit of objects (atoms, ligands, faces, or others) in a molecule
(or another object) is assigned to a coset representation (CR)
G(/G)), where G is the global symmetry of the molecule and
G; is the local symmetry of each object of the orbit. Note that
G; is a subgroup of G and that the G(/G,) is a kind of permuta-
tion representations.®® The comparison between the chirality/
achirality of G and that of G; reveals the presence of three cas-
es (Table 1), which are specified by the sphericity terms (ho-
mospheric, enantiospheric, and hemispheric) proposed by us.*’
The stereochemical property specified by these terms is called
sphericity. For a more mathematical definition of the concept
of sphericity, see Appendix Al. The G(/G;)-orbit accommo-
dates |G|/|G| of objects, where the sphericity of the orbit con-
trols the chirality/achirality of the objects and the mode of ac-
commodation (packing). This effect is called the chirality fit-
tingness of an orbit.

Let us consider the orbits in adamantane-2,6-dione, i.e. A,
(bridge hydrogens, Eq. 1) and A, (bridgehead hydrogens,
Eq. 2), as shown in Fig. 1.

The orbit A, is governed by D,,(/C;), which is decided to be
homospheric in terms of the criteria listed in Table 1. In order
to maintain the D,;-symmetry, the D,,(/Cy)-orbit should ac-
commodate four achiral objects such as hydrogen atoms,
where the size of the orbit is calculated to be |Dy,|/|C,| = 8/2
= 4. If the homospheric D,,(/C,)-orbit accommodates a set of
four chiral ligands (Q) of the same chirality, the symmetry of
the resulting molecule (11) is reduced into D, as a result of the
violation of the chirality fittingness (Fig. 3).3%%8

Table 1. Sphericities of Orbits®

G G; Sphericity of Chirality fittingness
G(/G) (objects allowed)

achiral  achiral ~ homospheric achiral

achiral  chiral enantiospheric achiral,” chiral®

chiral chiral hemispheric achiral,® chiral

a) An achiral object is restricted to be chiral. The half and
the other half of the orbit are superimposable by a rotore-
flection operator of G.

b) The orbit accommodates the half number (|G|/2|G;|) of
chiral objects and the same number of chiral objects of
opposite chirality so as to accomplish compensated chiral
packing.

¢) An achiral object is restricted to be chiral.
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(0]

Q I Q
(0]
Fig. 3. D,-Derivative of adamantane-2,6-dione.

On the other hand, the CR D,,(/C,) for the orbit A, is deter-
mined to be enantiospheric so that the eight hydrogen atoms
(|D24|/|C;| = 8/1 = 8) are devided into two halves ({H“, H?,
H, H®} and {H("'), H®, Hm, H(d/)} in Eq. 1) under no rotore-
flection operations. In order to maintain the D,,-symmetry, the
enantiospheric D,,(/C;)-orbit can accommodate eight achiral
objects such as hydrogen atoms in terms of the criteria listed in
Table 1.

The enantiosphericity of the D,,(/C;)-orbit permits another
mode of packing shown in Fig. 4, where one half accommo-
dates four chiral ligands (Q) and the other half accommodates
four ligands (Q) of the opposite chirality. Thereby, two diaste-
reomers (12 and 13) are generated. A packing such as this
mode is called compensated chiral packing 338

3.2 Prochirality Based on Sphericity. The sphericity
concept has been successfully used to redefine prochirality.®’
Thus, a molecule (or object) is prochiral if the molecule con-
tains at least one enantiospheric orbit. For example, the orbit
A; (bridge hydrogens, Eq. 1) in adamantane-2,6-dione (1) is
governed by D,,(/C;) (Fig. 1) and determined to be enantio-
spheric by virtue of the criteria listed in Table 1. Moreover, the
four bridge carbons of 1 also have an enantiospheric nature be-
cause they belong to a D,,(/Cy)-orbit, as found in the SCR no-
tation. Thereby, adamantane-2,6-dione (1) is concluded to be
prochiral. Since the D,,(/C))-orbit is divided into two halves
under an external chiral environment, either half can be re-
placed by a set of fluorine atoms to produce either one of enan-
tiomers (14a or 14b) shown in Fig. 5.

The members of such an enantiospheric orbit may be ob-
jects of any types, as exemplified in Fig. 6. The methylene hy-
drogens (H® and H) of ethanol (15) construct an orbit gov-
erned by C,(/C,), which is determined to be enantiospheric by
virtue of the criteria listed in Table 1. Hence, ethanol is con-
cluded to be prochiral. It should be noted that the prochirality

Fig. 4. D,;-Derivatives of adamantane-2,6-dione.
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14a 14b

Enantiomeric D,-Derivatives of adamantane-2,6-di-

Fig. 5.
one.

edges (H---F): Cy(/Cy)

17
faces (re/st): C4(/Cy)
HO®@

H

18
CHO®@, CHO“): C,(/C)
two faces: C4(/Ch)
two faces: C4(/Cy)

CHO(")

four faces: Coq,(/C)

Fig. 6. Prochirality by sphericity.

is concerned with the orbit of the methylene hydrogens.

On the other hand, the two hydrogens (H® and H®) of dif-
luoromethane (16) construct a homospheric C,,(/C;)-orbit.
This means that difluoromethane (16) is not prochiral with re-
spect to this orbit. However, the four edge relationships
(H--F) can be regarded as objects that construct an orbit.
Since the orbit of the four edge relationships (H--F) is as-
signed to a CR C,,(/C)), it is decided to be enantiospheric.
Hence, difluoromethane (16) is prochiral with respect to the
C,,(/Cy)-orbit.®

The two faces above and below the carbonyl group of ace-
taldehyde (17) can also be regarded as objects that construct an
orbit. Quantum-chemically speaking, the two faces corre-
spond to m-electron lobes of opposite signs. They belong to a
C,(/Cy)-orbit, which is decided to be enantiospheric by virtue
of the criteria listed in Table 1. Hence, acetaldehyde (17) is
concluded to be prochiral with respect to the C,(/C))-orbit.

Methylmalonaldehyde (18) has two carbonyl ligands
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(CHO“ and CHO(”/)), which construct an orbit governed by
C,(/C}). The enantiosphericity of the C,(/C;)-orbit means that
methylmalonaldehyde (18) is prochiral. Note that this
prochirality is concerned with the orbit of ligands (or substitu-
ents).

If we take the faces of the two carbonyl ligands into consid-
eration, we can treat methylmalonaldehyde (18) in an alterna-
tive way. One face of the CHO and an appropriate face of
CHO“ are so equivalent as to construct a Cy(/C,)-orbit, while
the remaining faces of the CHO and the CHO“? construct
another C,(/C))-orbit. Each of these C,(/C,)-orbits is enantio-
spheric to characterize the prochirality of 18 with respect to the
faces.

The two carbonyl ligands (CHO“ and CHO“?) of malonal-
dehyde (19) construct an orbit governed by C,,(/C;), which is
homospheric. Hence, malonaldehyde (19) is not prochiral
with respect to the C,,(/C,)-orbit of ligands. However, the four
faces produced by the two carbonyl ligands construct a C,,(/
C))-orbit, which is found out to be enantiospheric by virtue of
the criteria listed in Table 1. Hence, malonaldehyde (19) is
concluded to be prochiral when we take the orbit of faces.

It should be noted that the behevior of faces for methylmalonal-
dehyde (18) is different from that for malonaldehyde (19). In me-
thylmalonaldehyde (18), one face of the CHO“ belongs to one of
the C,(/C;)-orbits, while the other face of the CHO® belongs to
the other one of the C,(/C))-orbits. This means that the two faces
of the CHO® are chemically non-equivalent (diastereotopic).
They can be differentiated chemically, i.e., without any external
chiral conditions, so as to produce a racemic mixture for either
one of possible diastereomers. On the other hand, the four faces
involved in malonaldehyde (19) construct an enantiospheric
C,,(/Cy)-orbit. Hence, they cannot be differentiated chemically
and require external chiral conditions in order to generate stere-
ochemical selectivity.

The present definition of prochirality is free from “prochi-

ral, pseudoasymmetric, and propseudoasymmetric centers” de-
fined by Prelog et al.'>"'* as well as “elements of chirality and

Table 2. Criteria for Determining Topicities®
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of prochirality” defined by Hirschmann.">"” In other words,
the concepts of “centers” and “elements” are replaced by the
concept of orbits governed by CRs. Although the direct speci-
fication of right and left requires the sequence rule proposed by
Cahn, Ingold and Prelog (the CIP system)® and its application
to the “prochirality” by Hanson,”!! the presence/absence or
the possibility of such handedness can be fully discussed by
virtue of the terms based on the sphericity concept derived
from CRs.

3.3 Topicity Derived from Sphericity. The topicity
terms (“enantiotopic” and ‘“diastereotopic”) introduced by
Mislow and Raban'® and relevant terms “homotopic” (by
Hirschmann and Hanson'®) and “heterotopic” (by Eliel*) have
been widely accepted by organic chemists. These terms deal
with the relationship between fwo related atoms (or molecular
environments) in a molecule. In other words, the topicity is
concerned with pairwise relationships.

On the other hand, the sphericity terms (enantiospheric, ho-
mospheric, and hemispheric) proposed by us® are attributes of
orbits governed by CRs. This feature enables us to derive the
topicity terms from the sphericity terms, where the member-
ship criterion has been proposed.’ Tt should be emphasized
here that the sphericity terms are sufficient to discuss stere-
ochemical phenomena so that we can do well without the top-
icity terms. However, since organic chemists have been famil-
iar with the topicity terms, a meeting point is to show a way for
translating the sphericity terms into the topicity ones. Thereby,
we can get a deeper insight than when we rely only on the top-
icity terms.

Table 2 summarizes the membership criterion based on the
sphericity concept along with other criteria proposed earlier.

In order to characterize the topicity relationships, a replacement
criterion (substitution or addition criterion) and a symmetry crite-
rion have been described by Mislow and Raban,'® where the
former criterion is essentially equivalent to the one described by
Hanson® to test prochirality. Table 2 summarizes these criteria
with brief explanations. A flow chart for the classification of topic

Membership Replacement Symmetry
Topicity criterion®%8 criterion'8?! criterion'8?!
Homotopic Homospheric orbit,” Pairwise replacement  Pair interchanged
Either half of gives identical by proper rotations
enatiospheric orbit,” (homomeric)
or Hemispheric orbitb) products
Enantiotopic Two halves of an Pairwise replacement  Pair interchanged by
enantiospheric orbit gives enantiomeric improper rotations
products but not by proper
rotations
Diastereotopic ~ Two related orbits Pairwise replacement  Pair not
governed by the same gives diastereomeric interchanged by

kind of coset representations.

products

improper rotations or
by proper rotations

a) Holotopic. b) Hemitopic.
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relationships has been reported in the form of a decision tree, each
decision step of which is based on a distinct symmetry criteri-
on.2%% Since replacement processes for the replacement criterion
(substitution or addition criterion) and symmetry operations for
the symmetry criterion are involved in the present processes for
assigning orbits to CRs (and sphericities), the membership criteri-
on based on the sphericity concept is more convienient and fruitful
than the earlier criteria.

In the light of the membership criterion, the two methylene
hydrogens (H and H?) in difluoromethane 15 are homotopic
because they are the members of a homospheric C,,(/C,)-orbit,
the size of which is calculated to be |Cy,|/|C,| = 4/2 = 2. This
decision based on the membership criterion is simpler than
those due to the earlier criteria (for the replacement criterion
and the symmetry criterion applied to dichloromethane, see
Section 8-3 of Eliel-Willen’s textbook®).

According to the membership criterion, an enantiotopic re-
lationship is defined as a relationship between a member of
one half and another member of the other half of an enatio-
spheric orbit. For example, the relationship between the two
methylene hydrogens (H® and H?) in ethanol (15) is decided
to be enantiotopic, because they construct an enantiospheric
C,(/C,)-orbit.

An enantiotopic relationship decided by the membership
criterion has an extended meaning that one half of an enantio-
spheric orbit is defined to be enantiotopic to the other half of
the enantiospheric orbit. In other words, it is concerned with a
pairwise relationship between two halves of the enantiospheric
orbit. Let us examine, for example, the relationship between
eight hydrogen atoms on the bridge positions of adamantane-
2,6-dione (1), where the orbit of them is governed by a CR
D,,(/Cy). This orbit is enantiospheric so that the two halves
({H?, H”, HY, H®} and {H“), H”, H), H"} in Eq. 1) are
enantiotopic to each other.

Since the replacement criterion and the symmetry criterion
take no account of such an orbit as described in the preceding
paragraph, the researchers should inspect atom by atom to de-
cide the topicity relationships. For example, when we focus on
H@, we should inspect four candidate pairs, i.e., H® and H®;
H? and H®’; H® and H; and H? and H“’. Each of these
pairs is determined to be enantiotopic by the replacement crite-
rion or the symmetry criteiron. On the same line, we have an-
other set of four candidate pairs, i.e., H” and H®; H® and
H®); H? and H”; and H” and H’, when we focus on H?;
etc., etc.

To make matters more complicated for organic chemists, the
topicity terms have two distinct connotations after the intro-
duction of the terms “chirotopic” and “achirotopic”.** The first
type of topicity terms (homotopic, enantiotopic, diaste-
reotopic, and heterotopic) represents equivalent or non-equiva-
lent relationships between two sites, while the second type
(chirotopic and achirotopic) represents the nature of each site.
This means that the local symmetry of a molecule is discussed
distinctly apart from the global symmetry. As a result, a chiro-
topic site may be homotopic, enantiotopic, and diastereotopic
to another site, where each case should be described by such a
combination as “chirotopic and homotopic”. This feature indi-
cates that the topicity terms are not so suitable to discuss such
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complicated cases as examined in the present paper.

To overcome the situation described above, our approach pri-
marily adopts the sphericity terms to designate attributes. Howev-
er, in case we would put a stress on relationships, we can use the
terms “holotopic” and “hemitopic”®®*? in place of two cases of the
combination of “chirotopic and homotopic” so as to avoid the us-

age of chirotopic/achirotopic.

On the other hand, the sphericity terms provide us with a
common and integrated basis for discussing the local symme-
try and the global symmetry of a molecule. Such a combina-
tion as “chirotopic and homotopic” is replaced by either of the
sphericity terms, “hemispheric” or “enantiospheric”, according
to the nature of the orbit at issue.

3.4 Stereogenicity and Prostereogenicity. The term
“prochiral” due to the IUPAC Rule E-4.12(a) and Rule E-
4.12(b),'® the latter of which has been defined as the successor
of Hanson’s proposal, has polysemous nature, as discussed by
us.!®!  We use the revised definition of prochirality, as de-
scribed in Subsection 3.2. Thereby, the term prochirality has
purely stereochemical meanings so that it can be used to de-
scribe the global symmetry of a molecule. Note that the
prochirality is concerned with an appropriate enantiospheric
orbit, the objects of which can be atoms, bonds, faces, etc. We
summarized our idea in three rules as follows.'"*

Rule A (Prochiral). The prochirality defined by Rule E-
4.12(a) is preserved to be the revised definition of the term
prochiral. This means that such a description as “a molecule is
prochiral” is permitted like the one “a molecule is chiral”. In
terms of the sphericity concept (Table 1), a molecule contain-
ing at least one enantiospheric orbit is defined to be
prochiral® This point has already been discussed in detail in
Subsection 3.2.

Rule B (Prostereogenic). The term “prochiral center” de-

fined by Rule E-4.12(b)'®* is replaced by the term prostereo-
genic center. In terms of the sphericity concept (Table 1), if a
center or atom has two ligands that are indistinguishable in
isolation and belong to the distinct halves of an enantiospheric
orbit or to two distinct homospheric, hemispheric or enantio-
spheric orbits, it is called a prostereogenic center. If the topic-
ity terms are used (this way is not recommended), the condi-
tion can be replaced by the expression, “if a center or atom has
two ligands that are indistinguishable in isolation and not ho-
motopic (i.e. either enantiotopic, diastereotopic or heterotopic)
in a molecule”.
Rule C (Stereogenic). In addition, the term “chiral cen-
ter”®!™ is replaced by the term stereogenic center.”> Thus, the
term stereogenic center is defined by starting from Rule B. Ifa
center or atom has two ligands that are distinguishable in iso-
lation and if it can be transformed (even if virtually) into a
prostereogenic center where the ligands are converted into two
ligands indistinguishable in isolation, it is called a stereogenic
center.\%

The tests for prochirality, prostereogenicity, and stereoge-
nicity can be systematically carried out by the tools derived
from the sphericity concept (Tables 1 and 2).'”

1. Consider an appropriate conformer of the highest attain-
able symmetry G or the corresponding promolecule belonging
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to G.

2. Collect equivalent ligands to give a respective orbit.

3. Assign each orbit to a CR G(/G)).

4. Classify the sphericity of the orbit according to Table 1.

5. Assign the topic relationship between a pair of orbits to
be considered by virtue of Table 2. This step can be omitted if
the topicity terms are not used, as is preferable.

6. Refer to Rule A for prochirality, to Rule B for prostereo-
genicity, or to Rule C for stereogenicity.

To illustrate Rule A, let us consider a staggered conformtion
(C)) of meso-tartaric acid (20), as shown in Fig. 7. The two hy-
drogens on the carbon centers constuct a C,(/C;)-orbit, which
is enantiospheric. Hence, 20 is concluded to be prochiral by
virtue of Rule A. The same conclusion is also obtained by
considering an eclipsed confomation (C;) as the highest attain-
able symmetry of meso-tartaric acid, because a Cy(/C)-orbit
for the staggered conformation is found out to be enantiospher-
ic.

An alternative explanation is based on the concept of promole-
cule. When the ligands R-CH(OH)COOH and S-CH(OH)COOH
in meso-tartaric acid (20 in Fig. 7) are considered to be proligands
p and p, they constuct an enantiospheric C..,(/C)-orbit. Hence,
meso-tartaric acid (20) is determined to be prochiral with respect
to the C.;,(/C)-orbit (Rule A). See also Fig. 24.

In the light of the CIP nomenclature, the local symmetry
(C,) of each carbon in meso-tartaric acid is primarily consid-
ered. Each of the ligands (H, OH, COOH, and the remaining
part) constructs a one-membered C,(/C;)-orbit when consider-
ing the local symmetry. Then, Rule C indicates that each car-
bon of 20 is a stereogenic center. It should be emphasized that
the CIP nomenclature and related ones are concerned with the
local symmetry of a so-called “center”.

To illustrate Rule B, let us examine meso-2,4-dihydroxyglu-

}Kx\?/COOH
TR
TS
HOCO 4 OH

20 C; (or Cy)

Fig. 7. meso-Tartaric acid.

COOH COOH COOH
H—CE-OH H—££@H HT&LM{
H®—C—H® HO—C—H H—C—OH
H—CZ—0H H—CS-OH H—CZ-OH
oo &oor &oot

21 22 23

Fig. 8. meso-2,4-Dihydroxyglutaric acid and related com-
pounds.
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taric acid (21), which belongs to C,-symmetry in its highest at-
tainable conformation (Fig. 8). The two hydrogens H® and
H® on the central carbon belong to distinct one-membered
C,(/Cy)-orbits, which are determined to be homospheric.
Hence, Rule B indicates that the central carbon with H® and
H® is prostereogenic.

The stereogenicity of the central carbon atom (C;) in 22 or
23 can be decided by virtue of Rule C. The relationship be-
tween 21 and a pair of 22 and 23 will be discussed later.

4 General Aspects of Desymmetrization

4.1 Desymmetrization of Orbits. A process of substitu-
tion by starting from a mother skeleton can be regarded as a
desymmetrization of the skeleton. For example, monochlori-
nation at the hydrogen H? of 1 generates a C,-derivative (24),
where the D,,-symmetry of the mother skeleton 1 is reduced
into C;. In addition to 24, Fig. 9 depicts various C,-derivatives
of adamantane-2,6-dione, where the same mode of desymme-
trization should occur. But what does the same mode mean?
Thus, the next problem is to abstract common features from
the desymmetrization processes generating these C,-deriva-
tives. The solution is obtained by examining the behaviors of
orbits under the desymmetrization processes.

Let us first inspect 1-chloroadamantane-2,6-dione (24),
which is generated by monochlorination of adamantane-2,6-
dione (1). Then we find that the 1-chlorine atom ({C1*}) con-
structs a C,(/C,)-orbit, because it is involved in the mirror
plane to determine its local symmetry C,. The remaining
bridgehead hydrogens are found out in a similar manner to
construct a C,(/C,)-orbit ({H®}) and a C,(/C,)-orbit ({H©,
H®}). These orbits can be considered to be generated from
the original D,,(/C,)-orbit (A,) of adamantane-2,6-dione (1) as
a result of the desymmetrization process from D,, to C,. This

24 25 26
24: C,[8/C;(5Hy, 3Cy);8/Cs(H, 4C, 20, C1)]
25: C,[8/C1(4Hz, 3C, F2);8/C(H, 4C, 20, Cl))
26: C;[8/C(4Hz, 3Cy, F2);8/C4(4C, 20, CL 1))
o

27 28 29

27: C,[8/C1(4Hy, 3Cy, Cly); 8/Cs(2H, 4C, 20))]
28: C,[8/C1(3Hy, 3Cy, Fa, Cly); 8/C,4(2H, 4C, 20))]
29: C,[8/C) (4Ha, 3C2, Cly); 8/C,(H, 4C, 20), Cl]

Fig. 9. C,-Derivatives of adamantane-2,6-dione.
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process can be symbolically designated by the following equa-
tion:

Dy (/Cy) | €5 = C(/Cy) + 2C(/Cy), 3

where we have the sums of the sizes for the participating or-
bits: |Da,|/|Cs| = 8/2 = 4 for the left-hand side and |C,|/|C;|
+ 2|Cy/|Cs| = 2/1 + 2 X (1/1) = 4 for the right-hand side.
Symbols such as D,,(/C;) | C; have been coined by us in order
to assign desymmetrization processes to the subduction of
CRs.’! The desymmetrization process of the bridgehead car-
bons (from 1 to 24) is also controlled by Eq. 3.

According to the monochloro-substitution, the D,,(/C;)-or-
bit (A,) of the bridge hydrogens in 1 is also influenced so as to
be divided into four orbits: {H?, H}, {H®?, HY}, {H®,
H(“'>}, and {H?, H(”’)}. All of the resulting orbits are distinct
from each other but are assigned to the same CR C,(/C,). As a
result, this process corresponds to the subduction represented
by

Dy (/C)) | C; = 4C,(/C)). 4

On the same line, the desymmetrization of the bridge carbons
is controlled by Eq. 5, while those of the carbonyl carbons and
the carbonyl oxygens are controlled by Eq. 6.

Dy(/CY) | €5 = 2C(/Cy) (6))
Dy((/C2) | C; = 2C(/Cy) 6)

The results designated by Egs. 3 to 6 are summarized in terms
of the SCR notation shown in Fig. 9.

By the inspection of 25 and 26 shown in the top row of
Fig. 9, one sees that the replacement of the brigde-head hydro-
gens (A,) by a set of {CL;H;F,} or {CLI;F,} is controlled by
Eq. 3 in the same way as 24 characterized by a set of
{CLI;H;H,}.

The bottom row of Fig. 9 shows the dichloro-subsititution
on the D,,(/Cy)-orbit (A), which is divided in the light of Eq. 4
to produce {H®, H®}, {H?, H®}, {CI©, CI}, and {H?,
H®}. Equations 4 to 6 also explain the divisions of other or-
bits in 27, 28, and 29.

4.2 Subduction of Coset Representations. As discussed
in the preceding subsection, the desymmetrization process of
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adamantane-2,6-dione into any derivative of Ci-symmetry is
controlled by Egs. 3 to 6. These equations can be derived alge-
braically by the subduction of CRs and tabulated as a subduc-
tion table, although the concrete procedure of derivation is
omitted in this article. See Chapter 9 of Ref. 88 for detailed
discussion. Table 3 shows the subduction table for D,,, where
each equation (Egs. 4 to 6) appears at the intersection of the
corresponding column and row.

Once we have obtained a subduction table such as Table 3,
we can predict the mode of substitution for any derivative of a
given symmetry. Let us consider the derivation of allene (8),
where the D,,(/C,)-orbit of hydrogens is taken into consider-
ation. To obtain a derivative of D,-symmetry, we examine the
intersection of the D,,(/C,)-row and the D,-column in Table 3.
Then, we find the subduction result D,(/C;), the local symme-
try of which is decided to be C;. Since the resulting D,(/C,)-
orbit is hemispheric, its chirality fittingness allows the orbit to
accommodate chiral ligands (Qs) of the same kind according
to Table 1. Hence, we obtain 30 as a D,-derivative (Fig. 10).
Note that achiral ligands do not give a D,-derivative but a D,
derivative.

Let us next obtain a derivative of S;-symmetry. The inter-
section of the D, (/C,)-row and the S;-column in Table 3
shows the subduction result S4(/C;), the local symmetry of
which is found out to be C;. Since the resulting Sy(/C,)-orbit
is enantiospheric, it should accommodate chiral ligands in a
manner of compensated chiral packing, as found in Table 1.
Hence, we obtain 31 as a S;-derivative.

On the same line, the derivatives discussed in the preceding
section can now been obtained by the combination of the sub-
duction table (Table 3) with the chirality fittingness listed in
Table 1.

5 Desymmetrization by Atom Replacement

5.1 Derivation from Various Skeletons. One of the strat-
egies of generating derivatives is that an orbit in an achiral (or
a chiral skeleton) of a given symmetry G is replaced by an ap-
propriate set of atoms. If the subduction table for the G-sym-
metry is obtained in advance, we can predict what symmetries
can be realized as such derivatives. Thus, we have dealt with
the following symmetries: C,, (oxirane, etc.??), D, (allene'®
and adamantane-2,6-dione'”’), D3, (a trigonal bipyramid, an
iceane skeleton, and a prismane skeleton'®), T, (ada-
mantane'®), D¢, (benzene''? and superphane®®), O, (octahedral

Table 3. Subduction of Coset Representations (CRs) for D, Point Group®®

1 C 1 G 1CY 1 Gy 184 1 Cy 1D, 1 Dy
D2, (/Cy) 8C,(/C)) 4Cy(/C)  4C/(/C)) 4C(/C)  284(/C)  2C,(/Cy) 2D,(/C)  Dau(/Cy)
D,(/C)*  4C,(/C)) 4Cy(/Cy)  2C,(/Cy) 2C,(/C))  284(/Cy)  2C,(/Cy) 2D,(/Cy)  Dyu(/Cy)
D,(/CY)  4C(/C)) 2C(/C)) C)/(/Cy) 2C4(/Cy) S4(/Cy) CL(/C) D,(/CY)  Dy(/Cy)

+Cy(/Cy) +D,(/C,")
Dy (/Cy) 4C((/C)) 2Cx(/C))  2CY(/Cy) Cy(/C)) S4(/Cy) C,(/Cy) D,(/C))  Duu(/Cy)
+ 2Cs(/Cs) + D2\,-(/C2,)

D2 (/S)*  2C,(/C)  2CH(/C») Cy'(/Cy) C,(/C1)  284(/S4) Cy(/Cy) Dy(/Cy)  Dal/Ss)
Dy (/Cs)  2C(/C))  2C,(/Cy) CY(/Cy) 2C(/Cy) S4(/Cy)  2C,(/Cy) D,(/Cy)  Duy(/Cy)
D,(/D))*  2C,(/C))  2Cy(/Cy)  2C,(/CY) C,(/C) S4(/Cy) Cu(/Cy) 2Dy(/Dy)  Day(/Dy)
Dyy(/Dy4) C,(/C) Cy(/Cy) C)'(/CY) C,(/Cy) S4(/S4) Cy(/Cy) Dy(/Dy)  Dyu(/Daa)

*Forbidden CR. See Chapter 7 of Ref. 88.
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Q(a) (C)Q
“c=c=C
-

@Q QW @Q
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Fig. 10. D,- and S;-Derivative of allene.
complexes''"), and I, (dodecahedrane''? and soccerane'').

5.2 Allowed and Forbidden Derivations. Let us consider
allene derivatives with achiral ligands only (A, B, X, and H).
Under this condition, we can obtain a C,,-(32), a C,-(33), a
C,’-(34), and a C-derivative (35), as shown in Fig. 11. How-
ever, derivatives of D,-, S;-, and C,-symmetry are by no means
generated under this condition because of their sphericities.

Allowed molecules and forbidden ones are rationalized by
virtue of a subgroup lattice such as Fig. 12 for D,,, where each
subgroup is characterized by the relevant subduction.”” Al-
though the sphericity of each CR controls the allowance, a
more delicate examination is necessary. We have here arrived
at a criterion for determining allowed and forbidden mole-
cules: A molecule of a subgroup is allowed if the subduction
for the subgroup is discriminated from that for its supergroup;
otherwise, it is forbidden. Strictly speaking, this criterion is
concerned with promolecules (cf. Subsection 7.2), where the
descrimination is determined by comparing the sizes and the
sphericities of the CRs at issue. The matching/mismatching
properties should also be considered after the introduction of
the concept of promolecule/molecule.

For example, let us examine the subgroup S, with an orbit
S4(/C)), where the size of the orbit is calculated to be |S4|/|C;|
= 4 = |Dy/|C,]. Hence, S4(/C;) cannot be discriminated
from D,,(/C;) by considering achiral ligands only, even if the
symmetry of each achiral ligand can be restricted to the local
symmetry of C,. Similarly, a C,-derivative cannot be generat-
ed by comparing its orbits with those of its supergroup C,,
(Fig. 12). On the other hand, a C,’-derivative (34) can be gen-
erated by considering achiral ligands only, according to the cri-
terion.

If we take account of chiral and achiral ligands, we can ob-
tain a D,-(30) and an S-derivative (31), as have been shown in
Fig. 10. We are also able to generate a C,-derivative (36), as

OH. /A(a) ©OH. Al
;C:C:C ;c:c.—.

@H A OH BO)
32 (Ca) 33 (Cy)

OA A@ oy A@

c:c:c/ ;C:C:C/

(DY \H(") (dH \B(")

34 (Cy) 35 (Cy)

Fig. 11. Allowed derivatives of allene with achiral ligands.
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Doy
D2d(/CS)
D2 S4 CZU
DZ(/CI)\Si(/CI)/Ch)UC:s) + Co(/CY)
c, C, c,
2Cy(/Cy) 2C2(/C1)  Cy(/Ch) +2C4(/Cy)
Ci
4C,(/Cy)

Fig. 12. Subgroup lattice of D,, for a D,, (/C,)-orbit.!*

(C)Q__ /H(“) (C)Q-A H®
/"'c:c:c ;c—c:
@Q ao @Q H
36 (C») 37 (C,)
0Q Al@) Cle) A@
;c:c:c/ ;c:c:c/
(@re) \ (d) \
Q B® Q B®)
38 (C,) 39 (Cy)
0q. Q® 0Q, A@
/"C:c:c /"C:C:C<
@Oy o @Q B0
40 (¢y) 41 (Cy)

Fig. 13. Allowed derivatives of allene with achiral and chiral
ligands.

shown in Fig. 13. Under this condition, compensated-chiral-
packing procedures give further C-derivatives (37, 38, and 39)
in addition to 33. Note that each pair of Q and Qin 37, 38, or
39 constructs an enantiospheric C(/C;)-orbit and that the de-
rivatives (37 to 39) are so-called meso-compounds. In accord
with chirality fittingness, a C,’-(40) and a C,-derivative (41)
having chiral ligands can also be generated.

5.3 Design of High-Symmetry Molecules. For the de-
sign of chiral molecules of high symmetry, a set of substitution
positions in an achiral skeleton of G-symmetry are replaced by
chiral ligands (or proligands) of the same kind so that there
emerge three criteria of generating chiral molecules (or pro-
molecules).!’> Thus, Criterion 1 controls the desymmetriza-
tion of a homospheric orbit in an achiral skeleton, where the
orbit accommodates chiral ligands (or strictly speaking, proli-
gands) of the same chirality. The resulting molecule (or strict-
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ly speaking, promolecule) is determined to belong to the maxi-
mum chiral subgroup of G in agreement with a size-invariant
subduction. For example, the D,-derivatives (11) shown in
Fig. 3 and 30 shown in Fig. 10 are generated from the respec-
tive D,,-skeletons according to Criterion 1.

Criterion 2 controls the desymmetrization of an enantio-
spheric orbit, where the orbit accommodates chiral ligands (or
strictly speaking, proligands) of the same chirality. It follows
that the resulting molecule is determined to belong to the max-
imum chiral subgroup of G and that the original enantiospheric
orbits are divided into two hemispheric orbits of equal size.
For example, a D,-derivative (42) shown in Fig. 14 is generated
from the D,,-skeleton according to Criterion 2, where the
D,,(/C))-orbit of 1 is transformed into the two D,(/C,)-orbits
of 14.

Criterion 3 deals with a chiral skeleton, where substitution
by chiral ligands (or strictly speaking, proligands) of the same
kind is examined as the transformation of the hemispheric or-
bit in the skeleton. Although no change of symmetry occurs
from a group-theoretical point of view, the transformation is
shown to be important chemically, since relevant ligands alter
the stereochemical properties. For example, the chiral deriva-
tive 14a shown in Fig. 5 is considered to be a starting skeleton
of D,-symmetry, where the four fluorine atoms belonging to a
hemispheric D,(/C,)-orbit are replaced by four Qs of the same
chirality. The resulting derivative (43) shown in Fig. 14 also
belongs to D,-symmetry in agreement with Criterion 3. The
four hydrogens of 43 are further replaced by the four chiral Rs
of the same chirality to give 44 of the same D,-symmetry ac-
cording to Criterion 3.

Mono-substitution causes the division of an orbit, as exem-
plified by 24 in Fig. 9. A general treatment of such mono-sub-
stitution has been discussed in detail by virtue of the subduc-
tion of CRs.''¢

Two types of derivations of molecules, subductive and in-
ductive, have been proposed to design molecules of high sym-
metry.'” A subductive derivation consists of placing another
set of atoms on a parent molecule; on the other hand, an induc-
tive derivation is composed of providing a parent skeleton with
a set of ligands that have three-dimensional structure. These
derivations are discussed on the basis of subduction and induc-
tion of CRs.

The concept of size-invariant subductions has been pro-
posed to design prochiral molecules.''!8 Thus, an even-
membered homospheric orbit has been proved to be desymme-
trized into an enantiospheric orbit, where the sizes of the rele-
vant orbits remain invariant. The concept has been applied to

O 0}

Q o‘ Q

Qg 0 QRN

I
0 0

42 43 44

Fig. 14. D,-Derivatives of adamantane-2,6-dione.
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methanes, allenes, adamantanes, and biphenyls. It has proved
effective in designing a wide variety of prochiral molecules.
For example, the allene drivative 31 shown in Fig. 10 can be
generated by placing a set of {Q, Q, Q, Q} on the homospheric
D, (/Cy)-orbit. These prochiral molecules have been shown to
be extrinsic meso compounds. Intrinsic meso compounds have
also been discussed as another type of prochiral molecule. For
example, 12 and 13 shown in Fig. 4 are intrinsic meso com-
pounds, where they are generated by starting from an enantio-
spheric D, (/C;)-orbit.

6 Desymmetrization by Bond Replacement

Another strategy for generating derivatives is that an orbit of
bonds (or edges) in an achiral (or a chiral skeleton) of a given
symmetry G is replaced by an appropriate set of bond objects.
We can predict what symmetries are realized as such deriva-
tives by using the subduction table prepared for G in advance.

Tricyclic isomers of adamantane (C;oH;¢) have been gener-
ated in the light of the bond strategy, where they are character-
ized by polymethylene indices (PMIs) and molecular symme-
try."" This idea is illustrated in Fig. 15, where polymethylenes
are selected as bond objects. The PMI is a partition denoted as
[1™, 2™, .., 6] (m; + my + ... + mg = 6), in which each in-
teger is the length of a polymethylene unit and the power (m,)
denotes the number of the units. The isomers are then enumer-
ated by starting from tetrahedrane (T,) and cyclobutadiene
(D,;) as parent skeletons, in which the edges are considered to
be substituted by polymethylenes. For example, Fig. 15 shows
that PMI [1°] applied to the tetrahedrane (T,) corresponds to
adamantane (45) itself, where a solid circle on each edge rep-
resents a methylene unit to be added. Since the six edges of
the tetrahedrane skeleton construct an orbit governed by
T4(/Cs,,), the application of the PMI [1°] is controlled by the
following subduction:

T (/Cy) | Ty = Ty(/Cy), @

though this is rather trivial because the T,-symmetry remains
unchanged during this derivation. When PMI [1°2°] is applied
to the tetrahedrane skeleton, it can generate twistane (46),
where the T symmetry is reduced into D, during this deriva-
tion. The T,(/C,,)-orbit of the six edges is desymmetrized in

45 (Ty)

46 (D,)

Fig. 15. Edge strategy for tricyclic derivatives.
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accord with the following subduction:
TA/C2) | Dy = Do(/Cy) + Do(/CY) + Do(/CY"),  (8)

where the resulting CRs correspond to the two ethylene bridg-
es (for the term 22 of the PMI), the two methylene bridges (for
the term 12 of the PMI), and the two unchanged edges (for an
implicit term 0% of the PMI). Since the twistane molecule is
chiral (D), the formula 46 shows an arbitrary one of the enan-
tiomers.

From the tetrahedrane skeleton, there emerge 32 isomers of
adamantane (C;oH;q), which are classified in terms of PMIs
and subsymmetries of T,. The full list of enumerated isomers
has been shown in the original paper''® and our book.®

In the light of the same strategy, the cyclobutadiene skeleton
has been shown to yield 89 isomers classified by PMIs and
subsymmetries of D,,. Isomer enumerations have been also
discussed with respect to noradamantane and homoadaman-
tane.'"®

The edge strategy has been discussed to characterize bond-
differentiating reactions.'® After preparing the subduction ta-
ble of I}, derivatives of fullerene (Cg) are combinatorially enu-
merated in an itemized manner concerning symmetries and
molecular formulas. The symmeterical properties of the deriv-
atives are discussed by virtue of the sphericity concept. Bond-
differentiating reactions are formulated in order to clarify pos-
sible routes to derivatives of several subsymmetries of ..

7 Non-Rigid Molecules with Rotatable Ligands

7.1 Highest Attainable Symmetry. In the preceding dis-
cussions, we have mainly dealt with rigid molecules. Even
when we have considered non-rigid molecules with rotatable
ligands, we have regarded them as fixed conformers with the
highest attainable symmetry. For example, ethanol (15) has
been fixed to belongs to C;-symmetry in the above-mentioned
discussion (Fig. 6). Although this fixation is convenient to dis-
cuss the methylene hydrogens of 15, it causes such troubles
that the three hydrogens of the methyl ligand are no longer
equivalent under the C,-symmetry. This means that the highest
attainable symmetry cannot fully characterize such flexibility.

Another troublesome compound (47) has been reported to
be a meso-compound containing only C;-conformers (i.e. as-
symmetric conformers), where the rotation around the central
bond is forbidden by the steric hindrance of As (Fig. 16).*’
The biphenyl part of this molecule has D,; symmetry (cf. 9),
which is incompatible with the symmetries of terminal chiral
ligands. Hence, the compound 47 belongs to C;-symmetry at
the highest attainable symmetry, whereas 47 is achiral because
of internal rotations of the terminal ligands. However, this

Fig. 16. meso-Compound with C;-conformers.
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type of stereochemical phenomenon is rather more generally
observed than the original report45 has claimed, so that cis-1,2-
dimethylcyclohexane etc. behave in a similar way, as pointed
out by a critical review.?! Since the original discussion® as
well as the critical review'?! are complicated for us to follow, a
more straight-forward explanation is desirable.

In order to begin such a more straight-forward explanation,
we have proposed the concept of proligand/promolecule as
well as the related concept of matched/mismatched mole-
cule.''"* These concepts enable us to discuss the items de-
scribed above from a deeper and broader point of view.

7.2 Proligands and Promolecules. 7.2.1 Definitions.
To overcome the drawbacks described in the preceding subsec-
tion, we have proposed the concept of proligand/promole-
cule.!'* Proligands are defined as hypothetical ligands which
are structureless but have chirality/achirality. A promolecule
consists of a skeleton and such proligands.

The crux of organic chemistry is the recognition of a molecule
as a mother skeleton with substituents, as reflected typically in the
IUPAC nomenclature system. The symbols A, B, Q, R, etc. have
been used to represent such substituents or ligands in most articles
and books of chemical fields. (We use the word “ligand” in place
of “substituent” in order to take account of chelated compounds.)
Their definitions, however, have not been well-described from a
group-theoretical point of view. When we use the symbols (A, B,
Q, R, etc.) to denote proligands on the basis of the present defini-
tion, each proligand is always considered to obey a local symme-
try decided by a CR.

To explain the behavior of 47, we should comprehend the
behaviors of relevant molecules along with 47 itself in the light
of the concept of proligand/promolecule. To do this task, we
here consider a biphenyl skeleton with two substitution posi-
tions (the terminal position of each phenyl), where a set of
ligands selected from achiral proligands (X and Y) and chiral
proligands (Q and Q) are substituted for the positions to pro-
duce a promolecule. Since the two substitution positions con-
struct an orbit governed by D,,(/C,,), we first prepare a sub-
group lattice for the D,,(/C,,)-orbit, as shown in Fig. 17.

DQd
D2d(/CQU)
D, S4 Cay
DZ(/CQ) S4 (/CZ) 2C2v(/c2v)
CIZ C2 Cs
Cy(/Ch) 2C5(/Cy) 2C,(/Cs)
Ci
2C,(/Cy)

Fig. 17. Subgroup lattice of D,, for a D,, (/C,,)-orbit.
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On the basis of the subgroup lattice (Fig. 17), the criterion
for determining allowed and forbidden molecules is applied to
the present case of promolecules. Thereby, we find promole-
cules depicted in Fig. 18. The CR D,,(/C,,) is reduced into the
respective CR shown below each of the resulting promole-
cules. For example, the pair of {Q, Q} in 51 is assigned to an
S4(/C2)-0Tbit.

7.2.2 Matched Molecules. By starting from the promole-
cules listed in Fig. 18, we can generate the corresponding mol-
ecules of the same symmetries, as shown in Fig. 19. These
cases are called matched molecules, since each local symmetry
is conserved.!'* We here use boron-containing cyclic ligands
as ligands of C,,- and lower-symmetries, although they have
not been synthesized.

The local symmetry of the D,,(/C,,)-orbit in the promole-
cule (48) is C,, so that the achiral proligand X can be replaced
by a three-membered cyclic ligand of C,,-symmetry without
desymmetrization. Hence, an achiral molecule 52 is generated.

Each of the proligands (X and Y) in 49 belongs to a one-
membered C,,(/C,,)-orbit. Hence, the achiral proligands X
and Y can be replaced by three-membered cyclic ligands of
different C,,-symmetries so as to give an achiral molecule 53
without desymmetrization.

The local symmetry of the D,(/C)-orbit in the promolecule

48 (Dy) 49 (Cy)

D24(/C20)

50 (D,)
D, (/C»)

Fig. 18. Promolecules from a biphenyl skeleton.

51 (S4)
S4(/Co)

54 55
Dy(/Cz) S4(/C2)

Fig. 19. Biphenyl derivatives (matched molecules).
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(50) is determined to be C,. Hence, the chiral proligand Q can
be replaced by a three-membered cyclic ligand of C,-symme-
try without desymmetrization, giving a chiral molecule 54.
The resulting molecule (54) has D,-symmetry.!!

On the same line, the S4(/C,)-orbit of the promolecule (51)
accommodates an enantiomeric pair of three-membered cyclic
ligands of C,-symmetry in a fashion of compensated chiral
packing. Thereby, an achiral molecule 55 is generated without
desymmetrization.

Obviously, the highest attainable symmetry of a matched
molcule is equal to that of the corresponding promolecule, be-
cause the ligand can be placed so as not to violate the local
symmetry in the promolecule.

7.2.3 Mismatched Molecules. When a ligand symmetry
is lower than the local symmetry of an orbit of a promolecule,
the global symmetry is no longer conserved. These cases are
called mismatched molecules.'"* Figure 20 shows such mis-
matched molecules derived from the promolecules listed in
Fig. 18.

Let us consider the two carboxyl ligands of the promolecule
56 shown in Fig. 20. Each of them has C;-symmetry in isola-
tion, while the local symmetry of the D,,(/C,,)-orbit in the pro-
molecule (48) is C,,. Since the C; is lower than the local sym-
metry C,,, the resulting molecule (56) no longer belongs to D,y
but belongs to C; by virtue of the subgroup lattice (Fig. 17), so
that the resulting local symmetry is matched to the original
symmetry in isolation. As a result, the two carboxyl ligands of
56 are non-equivalent under fixed conditions because each of
them constructs a distinct one-membered C,(/C,)-orbit. The
non-equivalency is more clearly demonstrated by substituting
a hydrogen for one of them, produing 57. The symmetry of 57
can be explained in a similar way by starting from the promol-
ecule 49.

When chiral ligands of C;-symmetry (e.g. Q = CXYZ) are
substituted for the Qs of 50, the resulting molecule no longer
belongs to D,, but is desymmetrized into C,".'? The two Qs
construct a C,'(/Cy)-orbit in agreement with the subgroup lat-
tice (Fig. 17).

When the S4(/C,)-orbit of the promolecule (51) accommo-
dates an enantiomeric pair of ligands of C;-symmetry (e.g. Q

A
47 (Cy)

58 (D)
C3(/Cy) 2C,(/Cy)

Fig. 20. Mismatched molecules from a biphenyl skeleton
(under fixed conditions).
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= CXYZ and its enantiomeric ligand), desymmetrization oc-
curs to give a molecule of C;-symmetry according to the sub-
group lattice (Fig. 17). This case corresponds to the molecule
47 cited above. The inspection of mismatched molecules indi-
cates that the equivalency of ligands in such a molecule is de-
termined at promolecule level. Consequently, the chirality/
achirality of such a molecule is determined by the chirality/
achirality of the corresponding promolecule.''* Thus, we
should take account of the promolecule 51 of S;-symmetry in
considering the chirality/achirality of 47.

It is worthwhile to cite a typical explanation for such a mole-
cule as 47 (e.g. the Mislow—Bolstad molecule*®) from the Eliel—
Wilen textbook* (p. 92): “Finally, we may consider the Mislow-
Bolstad molecule. The molecule written is asymmetric (C;, order
1). There appear to be four pertinent conformations, generated by
rotating the biphenyl moiety through successive angles of 90°.
The order of the group is thus 1 X 4 = 4, which corresponds to the
order of S, and, indeed, it seems intuitively reasonable that the
nonrigid point group of the molecule would be S, (see ...).” How-
ever, the four rotating operations are by no means identical with
the operation of the S, so that the explanation “four pertinent con-
formations” is not so well-defined as to claim the S,-symmetry as
the “nonrigid point group” of the molecule. Another explanation
has been reported on the basis of topology, where the Mislow—
Bolstad molecule is regarded as a Euclidean rubber glove, as men-
tioned to be “a molecule which can change itself into its mirror
image but cannot be rotated to its mirror image”.!**!** Obviously,
these approaches take account of global symmetries only and
overlooks local symmetries so that they are incapable of discuss-
ing matched/mismatched molecules.

The concept of proligand/promolecule provides us with a
versatile tool for treating flexible molecules as a kind of rigid
molecules at promolecule level. Thus the promolecule 51 can
be rigorously assigned to the S;-symmetry in the light of our
approach. Since our approach takes global and local symme-
tries into consideration, it brings about a common and sound
basis to discuss matched molecules such as 55 and mismatched
molecules such as 47. Moreover, the discussion in this subsec-
tion indicates that 47 as a meso-compound with C;-conformers
is not a rare case, but has been proved to be an example of mis-
matched molecules defined by us.!'*

8 Promolecules from a Tetrahedral Skeleton

8.1 Methane Derivatives. Promolecules derived from a
tetrahedral skeleton of T,~symmetry have been combinatorial-
ly enumerated, as shown in Fig. 21.'"* We use the symbols A,
B, C, and D for achiral ligands and p, p, q, g, I, and s for chiral
ligands, where a pair of p and p and another pair of q and q re-
spectively represent enantiomeric ligand pairs in isolation.

The derivation of these promolecules rigorously obey the
subduction of CRs, which is listed as a subduction table for T,
group in our book.®® For example, the derivation of the S,-pro-
molecule (63) is accomplished in agreement with the follow-
ing subduction:

Tu(/C5)) | Ss = S4(/Cy). (C))

Bull. Chem. Soc. Jpn., 75, No. 9 (2002) 1875

Ty T Csy Coy Sy
A D A
;—\%\A P/ \p %j\A B»%\A r—r;\p
A p A B
59 60 61 62 63
Cs
p A q p
A//K,\ p//Kp -7 \p Jy\p
A p D D
64 65 66 67
C, ‘ C,
;\ A A A A
A-7NC P//kA P/)\B V)\B P)\A QJ\p
5 B p p q
68 69 70 71 72 73
C,
A A A A A A
B-7 A P/)\A ¢/ B 7B P7\B IVYJ\B
D q D p ¢ p
74 75 76 77 78 79
A A A A A A
p%B q%g p%\p p)\q p-7\q I‘V)\q
q p p p P p
80 81 82 83 84 85
A A D
P/%\r q//i\r ﬁj\p qu\p q/)\p
q q q r

Fig. 21. Promolecules from a tetrahedral skeleton.''

The resulting CR S4(/C,) is enantiospheric. Hence, the S,(/
C))-orbit accommodates two chiral ligands of the same kinds
(p2) and the corresponding ligands of the opposite chirality (p,)
in a fashion of compensated chiral packing.

On the same line, promolecules derived from an allene skel-
eton of D,,-symmetry have been combinatorially enumerated
to give a full list of such promolecules.''*!%

8.2 Matched and Mismatched Tetrahedral Molecules.
By starting from the promolecule CAAAA (59) of T,-symme-
try, we can generate matched deriatives on the same line as de-
scribed in the preceding section.!'* Since the orbit of the four
As is governed by the CR Ty(/Cs,), it can accommodate a set
of ligands of C;,-symmetrywithout reducing the T,-symmetry.
For example, when we put methyl ligands in place of As, we
can generate tetramethylmethane (2,2-dimethylpropane), the
symmetry of which is determined to be T, as the highest at-
tainable symmetry. The Cs,-symmetry of the methyl ligand is
compatible to the local symmetry of the T,(/C3,)-orbit.

Pentaerythritol (10) discussed above belongs to D,, in the
hightest attainable symmetry. This is alternatively considered
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to be derived from the promolecule 59 of T,symmetry in a
mismatched fashion. Since the hydroxymethyl ligand
(CH,OH) belongs to Cq, the T ,~-symmetry is reduced into D»,
during this derivation so that the original T,(/C3,)-orbit is sub-
duced in agreement with the following equation:

T4(/Cs,) | Dyg = Dyu(/Cy). (10)

The local symmetry of the resulting CR D,,(/C;) is compatible
to the C,-symmetry of the CH,OH ligand.

The symmetry of tetraphenylmethane can be regarded as an-
other type of mismatched molecule in the light of the present
approach. Thus, the C,,-symmetry of each phenyl ligand in
isolation is restricted to C; when incorporated in the molecule.
Note that the intersection between the local symmery of the
T(/Cs,)-orbit and the in-isolation ligand symmetry is calculat-
ed to be C;, N C,, = C,, which corresponds to the local sym-
metry in the tetraphenylmethane molecule. As a result, the
symmetry of tetraphenylmethane is also restricted to D,; in
agreement with eq.10. Possible point-group symmetries of tet-
raphenylmethane have been alternatively discussed by directly
inspecting conformational changes of the four phenyl
ligands.'?®

The promolecule Cpppp of T-symmetry (60) can generate a
matched molecule by substituting a ligand of C;-symmetry for
each p, according to the local symmetry of the corresponding
T(/C5)-orbit. As a ligand of Cs;-symmetry, we can use 2-(1S,
3S, 5R, 6S, 8R, 10R)-Ds-trishomocubanylbuta-1,3-diynyl
ligand. This ligand has been used by Nakazaki et al.'”’ to syn-
thesize (+)-1,3,5,7-tetrakis[2-(1S, 3S, 5R, 6S, 8R, 10R)-D;-tr-
ishomocubanylbuta -1,3-diynylJadamantane as a molecule of
T-symmetry. Note that the four bridgehead hydrogens of ada-
mantane construct a T(/Cs)-orbit that is identical with that of
the four p’s in 60.

If we select ligands of a symmetry lower than Cs, a resulting
molecule (a mismatched one) no longer belongs to T.'"® For
example, we obtain a molecule 96 by selecting Q = CXYZ as
a ligand of C,-symmetry. The resulting molecule 96, which is
schematically represented by the diagram 97 (Fig. 22), belongs
to D,-symmetry in agreement with the following equation:

T(/C3) | D, = Dy(/C)). (1D

The local symmetry of the resulting CR D,(/C,) is compatible
to the C;-symmetry of the CXYZ ligand. Note here that the
diagram 97 indicates a comformer of D,-symmetry as the
highest attainable symmetry in a fixed condition. As a result,

X'y z

96 97 (Dy)

Fig. 22. Mismatched methane derivative with chiral ligands
of the same kind.
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the sets of four X’s, of four Y’s, and of four Z’s construct re-
spective four-membered D,(/C1)-orbits in the fixed conforma-
tion. If we select the corresponding enantiomeric ligand (p =
CXYZ), we can design the enantiomer of the molecule 97.
Pentaerythritol tetera(—)-menthyloxyacetate has been reported
by McCasland et al.'*® as an example of this type of D,-mole-
cules.

8.3 So-called meso-Compounds. Let us consider the
promolecule 69 listed in Fig. 21.'91%? The derivation of 69 is
controlled by the following subduction:

T(J(/Cfiv) l Cs = Cs(/CI) + 2Cs(/CS) (12)

Hence, a pair of p and p constructs an enantiospheric C,(/C,)-
orbit. On the other hand, one A belongs to a one-membered
C,(/Cy)-orbit in 69 and the other A belongs to another one-
membered C,(/C,)-orbit. When p and p are replaced by R-
CH(OH)COOH and S-CH(OH)COOH (two chiral ligands of
opposite chiralities) and As are replaced by hydrogens, meso-
2,4-dihydroxyglutaric acid (21) is generated as a molecule of
C,-symmetry (Fig. 8). Since the effects of the enantiomeric
chiral ligands are cancelled in 21, this achiral molecule (21) is
a so-called meso-compound.

The two hydrogens H® and H® on the central carbon of
meso-2,4-dihydroxyglutaric acid (21 in Fig. 8) are designated
by the symbol pro-s and pro-r respectively by means of Han-
son’s criteria.” Although this differentiation is useful, H* and
H® belong to distinct one-membered C,(/C,)-orbits. As a re-
sult, they can be differentiated chemically (without any chiral
conditions) to generate two diastereomeric products such as 22
and 23, which corespond to promolecules 70 and 71.

On the other hand, a chiral condition can distinguish two
chiral ligands, R-CH(OH)COOH and S-CH(OH)COOH, to
generate either of enantiomeric (chiral) products, as shown in
Fig. 23. When we consider a plausible oxidation (and a subse-
quent decarboxylation) of either ligand under chiral condi-
tions, we can obtain either one of the products, 98 and 99,
which correspond to the promolecule CAABp or CAABp (74)
listed in Fig. 21.

9 Promolecules from D_,-Skeletons

9.1 Infinite Groups. A more delicate discussion should
be done in discussing the stereochemistry of ethane or fer-
rocene derivatives. Let us consider meso-tartaric acid (20)
shown in Fig. 24. A conventional methodology is to regard 20
as a derivative of ethane, the symmetry of which is considered
to be Ds, (for a staggered conformation) or D5, (for an eclipsed

OH COOH
2(5::0 H—7é§—OH
H) __Bé__Ha» H@® — —H®
H—&iOH ,C=0
&oon O
98 99

Fig. 23. Enantiomeric products from meso-2,4-dihydroxy-
glutaric acid.
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HO \H/ COOH
CIJ R P a
S p
HOCO i "OH a
20 C; (or Cy) 100 C.p 101 D,
molecule promolecule skeleton

Fig. 24. Promolecule derived from a D.;-skeleton.

conformation).* In other words, it is based on the highest at-
tainable symmetry for each fixed conformer and takes no ac-
count of rotations around the central bond. For example, the
formula 20 is depicted as a staggered conformer of C;-symme-
try, but can belong to C;-symmetry as an eclipsed conformer.
Moreover, a rotation by 120° around the central bond gener-
ates a C,-conformer even by considering either of the confor-
mations. Hence, this treatment is unsuitable to discuss the av-
erage nature and the isomer enumeration of such flexible deriv-
atives.

According to our approach based on the concept of proli-
gand/promolecule,''* the chiral ligands of 20 (R-CH(OH)-
COOH and S-CH(OH)COOH) are replaced by the correspond-
ing proligands (p and p) to give a promolecule 100. The pro-
molecule is in turn considered to be derived from a D_;-skele-
ton (101) by putting a pair of p and p on the two positions that
can be assigned to a CR D..,(/C.,).'"1%

When we place a pair of proligands selected from achiral
proligands (A and B) and chiral ones (p, p, and q), we can ob-
tain promolecules depicted in Fig. 25, where their symmetries
are shown to be appropiate subgroups of D..,. Although the
subgroups have infinite elements, CR such as D(/C.,) can be
assigned to the resulting orbits. For example, the D..,(/C..,)-
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orbit is subduced into C., according to the following equa-
tion: 101

Doch(/cocv) l Cooh = Cooh(/coo) (13)
Since the resulting C.,(/C.)-orbit is enantiospheric, it can ac-
commodate a pair of enantiomeric proligands (p and p) in a
fashion of compensated chiral packing, generating the promol-
ecule 100.

To avoid difficulties due to the infinite nature of D, we
can use the corresponding factor group:'°'1%

K (: KS) = Doch/coo = {Coo’ COOCZ’ Cooav’ ooGh} (14)
which is isomorphic to C,,. The results of the infinite group
D..; and of the factor group K are shown in Fig. 25.

9.2 Ethanes. In the light of combinatorial enumeration
based on the factor group K shown in Fig. 25, we can compre-
hend the stereoisomerism of ethane derivatives with atoms U,
V, W, X, Y, and Z.'"” For example, we can predict that there
are one U°V-isomer, one U*V*-isomer, one U*VW-isomer, two
U*V3-isomers, two UV?W-isomers, three U?V>W>-isomers, and
two U*V*WX-isomers, all of which belong to K;[HO;H]-
symmetry (105). The symbol Ki[H“;H“"] represents a K-
isomer with achiral ligands (A and B) of H®- and H’-sym-
metry. They are depicted in Fig. 26, where the symbol
K;[C;,;Cy], for example, represents the case in which the mol-
ecule contains a Cj,-ligand and a C,-ligand. An abreviated
form K;[C,] is used in place of the symbol K;[C;C;].

Each ligand (A or B) in the promolecule 105 belongs to a
one-membered K;(/K3)-orbit (or C..,(/C..,)-orbit), so the local
symmetry of A (or B) is Kj, which corresponds to C,.
Hence, all of the molecules shown in Fig. 26 are mismatched
ones because the ligand symmetries, Cs, and C;, are subgroups
of the local symmetry C,.

9.3 Ferrocenes. Derivatives of ferrocene (107) can be

Promolecule ° a a ° o °
OIONORNONBORNO
102 103 104 105 100 106

Point Group:

Doon Cy D Coov Coon Doon
Doon(/Coov) 4 Gi | 2Co0(/Coo) (/Co0) | 2Cc0u(/Cosv) | Coon(/Co0) | Doon(/Coov)
Factor Group:

K =K; K, K, K; K, Ks
=C5/Cx | =Dx/Cx | =Cot/Cx | =Cwxoh/Cox | = Doon/Coo
K(/Ks) L K; 2K (/K1) | Ko(/Ki) | 2Ks(/Ks) K4(/Ky1) K(/Ks)
USCI-CF B2 by o o a
Fig. 25. Promolecules of D, and Subgroups of Factor Group K'%.
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Fig. 26. Derivatives with K5[H@;H].1%

@%
<> ol

108

ligand for
proligand A

ferrocence  skeleton promolecule with

proligands A

Fig. 27. Ferrocene and promolecule.

generated from the D ;-skeleton (101), as shown in Fig. 27.13
Ferrocene (107) itself is generated by putting the cyclopentadi-
enyl ligand (108) on 101 via the corresponding promolecule
106. When the cyclopendadienyl ligand (108) is substituted by
a given set of atoms, the resulting ligand belongs to a subsym-
metry of Cs,, which is chiral (C; or Cs) or achiral (C; or Cs,) in
accord with the substitution pattern. According to the conver-
sion process of the ligand symmetry, the proligand A is consid-
ered to be converted into a chiral proligand (p) or another
achiral one (B). Thereby, a promolecule substituted by the re-
sulting proligands is generated so that it belongs to a subsym-
metry of D .

We can use the promolecules of D, and its subsymmetries
listed in Fig. 25. To enumerate ferrocene derivatives, each of
the proligands is replaced by a substituted cyclepentadienyl
anion as a ligand. The chirality/achirality nature of such proli-
gands is maintained in this treatment.

So-called meso-derivatives of ferrocene are characterized by
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Fig. 28. Several ferrocene derivatives of K,-symmetry.'*°

the K,-symmetry in the present approach. The K,-symmetry
is symbolically represented by p—p, where p and p are enantio-
meric to each other. A combinatorial enumeration has shown
that the K,-symmetry is realized in two isomers with H°X?Y?,
two isomers with H*X*Y?, and six isomers with H*X*Y*Z?,
which are depicted in Fig. 28.

10 Mathematical Aspects with Applications

10.1 Symmetry Adapted Functions. A CR G(/G)),
which is defined algebraically by a coset decomposition of a fi-
nite group G by its subgroup G;, has been shown to bring out a
method for the decomposition of a regular body into its point
group orbits.'*! This proof also shows that each member of the
G(/G))-orbit belongs to the G; site-symmetry. In addition, a
general equation concerning the multiplicities of such CRs is
derived and shown to involve Brester’s equations®' and the k-
value equations of framework groups® as special cases of our
formulation. The relationship between the CR and the site-
symmetry gives a general procedure for obtaining symmetry
adapted functions.'!

10.2 USCI Approach for Combinatorial Enumeration.
We have derived unit subduced cycle indices (USCIs) from the
subduction of CRs.”! Thereby, we have developed four meth-
ods for combinatorial enumeration concerning both molecular
formulas and symmetries. They are the subduced-cycle-index
(SCT) method,”" the partial-cycle index (PCI) method,'** the el-
ementary-superposition method,'* and the partial-superposi-
tion method.'* They are collectively called the USCI ap-
proach, since they start from unit subduced cycle indices
(USCIs) obtained by the subduction of CRs.

We have derived Pélya’s cycle indices from USCIs.'** We
have proposed USCIs with chirality fittingness (USCI-CFs)
and have applied them to enumeration of chemical structures
with achiral and chiral ligands.'*>'% We have shown the versa-
tility of the USCI method by applying it to systematic enumer-
ations of various chemical objects: highly symmetric cage-
shaped molecules,'* adamantane isomers,''” compounds de-
rived from Ds;-skeletons,'® dodecahedrane derivatives,''? soc-
cerane derivatives,''® non-rigid molecues,*”!*® octahedral
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complexes,” benzene derivatives,''’ digraphs,
drons,' Cgs-adducts,' and superphanes.93

10.3 Characteristic Monomials for Combinatorial Enu-
meration. In addition, Pélya’s theorem has been shown to
stem from dominant representations and dominant markar-
acters (mark-character) that have been defined as the CRs and
the marks for cyclic subgroups.'**'*! Dominant representa-
tions have been correlated to Q-conjugacy representations and
the subduction of the latter has been shown to give characteris-
tic monomials (CMs) for combinatorial enumeration.'#>!*?
Mathematical foundations for the characteristic-monomial
(CM) method have been clarified.'*'*" The CM method has
been applied to various isomer enumerations.'**~'>

10.4 Pseudo-Point Groups. After the proposal of pseudo-
point groups, the USCI method is also applied to the enumera-
tion of flexible six-membered rings such as cyclohexanes,'>""!>2
tetrahydropyran and 1,3-dioxane derivatives,'> 1,4-dioxane
and 1,4-oxathiane derivatives,'> spiro[5.5]undecane de-
rivaitves,'> and piperidine derivatives.'3

10.5 Symmetry Number. The symmetry number o is im-
portant in the computation of entropy. It is defined as the num-
ber of indistinguishable but nonincidental positions into which
the molecule can be turned by rigid rotations.* The symmetry
number for a finite chiral point group is usually regarded as be-
ing equal to the order of the group, while it is one-half the or-
der for a finite achiral point group. Obviously, this method can-
not be applied to infinite groups such as C.., and D, which
are treated as exceptions, as found in 4-6.c in Ref. 4. This
means that the order of a group cannot be directly linked to the
symmetry number of the group.

In our approach,'”’ a factor group G/G; (= K) is used in
place of the symmetry G of a molecule, where the infinite na-
ture of G is concealed by the infinite chiral subgroup G; with-
out violating the sphericities of all positions (strictly speaking,
all orbits) in the molecule, as discussed in Subsection 9.1. For
example, K5 (= D,/C; order 4) and K; (= C,/C.; order
2) are used respectively in place of D, and C,. If G is a fi-
nite group, the corresponding factor group G/C; (= G) is used.

Let K; (= G//G; C K) be the smallest cyclic subgroup corre-
sponding to an achiral subgroup G, of G. Suppose that K"
(= G"/G;) is the maximal subgroup of K and corresponds
to the maximal chiral subgroup G;*?. When G is chiral, we
place K; = K" = G;/G;. Then, the symmetry number of K
(and also G) is calculalted as follows:

polyhe-

(max) (max)
o = K| X ‘Kl' ‘ - ﬁ ‘Gi ‘
Kl G G (15
For example, the symmetry number for D, is calculated to be
IKs| X (|Ki|/|Ks]) = 4 X (1/2) = 2; for T,, it is calculated to
be (|T4/|Ci|) X (JCy|/|Cs|) = 24 X (1/2) = 12; and for Sy, it
is calculated to be (|S4|/|Ci|) X (|Ca|/|Ss]) = 4 X (2/4) = 2.

11 Conclusion

A set of equivalent objects (atoms, ligands, faces, etc.) in a
molecule G is considered to construct an orbit (equivalence
class) governed by a coset representation (CR), where the sym-
bol of the CR is coined to be G(/G;) by virtue of the global
symmetry G and the local symmetry G; of the orbit. The SCR
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(set-of-coset-representations) notation is proposed to classify
molecules more specifically than the usual point groups can.
The sphericity concept (homospheric, enantiospheric, and
hemispheric) and the relevant concept of chirality fittingness
are proposed according to the chirality/achirality of G and G;
and these concepts are applied to the characterization of the
stereochemical phenomena of the G(/G;)-orbit and the revised
definition of the well-known topicity terms (homotopic, enan-
tiotopic, and heterotopic; chirotopic and achirotopic) as well as
the specification of terms “stereogenicity and prostereogenici-
ty” and “prochirality”. The concept of subduction of CRs is
proposed to characterize the desymmetrization of molecules,
where the design of high-symmetry molecules is discussed in
term of desymmetrization by atom replacement and by bond
replacement. The concept of proligand/promolecule is pro-
posed in order to characterize the stereochemistry of non-rigid
molecules with rotatable ligands, where biphenyl derivatives,
methane derivatives, ethane derivatives, and ferrocene deriva-
tives are examined in terms of matched and mismatched mole-
cules. Applications to combinatorial enumeration, symmetry
adapted functions, flexible six-membered cyclic compounds,
and symmetry numbers are also described by starting from the
concept of subduction of CRs.

Appendix. Coset Representations and Related Concepts.
Mathematical Foundations and Illustrative Examples

Al. Mathematical Foundations. Suppose that a position of
a given skeleton of symmetry G is stabilized (fixed) under the ac-
tion of G; that is a subgroup of G. Then consider the following
coset decomposition:

G = Gigl + GigZ + ...+ Gigss (16)

where the symbols g; (j = 1, 2, ..., s) represent a transversal of
representatives (g; = /; identity). Each set G;g; is called a coset.
Thereby, the position and its equivalent positions under G corre-
spond in one-to-one fashion to the cosets appearing on the right-
hand side of Eq. 16. For any g € G, the set of cosets G;g; are con-
verted into another set of cosets G;g;g, where the former set is
equal to the latter set, but the ordering of the cosets of the former
is different from that of the latter. It follows that the action of g
corresponds to a permutation represented by the following equa-
tion:

ﬂ'g _ (Gigl GigZ G,gsg)

Gigig Gigg ... Gig )

If the original set of cosets G;g; is sequentially numbered from 1 to
s, the permutation represented by Eq. 17 is regarded as a permuta-
tion of an ordered set of numbers. Since g runs over G, the per-
mutations of degree s (1, where ¢ € G) construct a representation
of G. This is called a coset representation (CR), which is desig-
nated by the symbol G(/G;). The CR G(/G;) controls the equiva-
lence classe (orbit) that is composed of the position and its equiva-
lent positions in the G-skeleton. Accordingly, the orbit is called a
G(/G))-orbit. It should be emphasized that G represents the global
symmetry of the skeleton while G; is the local symmetry of the or-
bit of equivalent positions.

Mathematically speaking, a G(/G;)-orbit represents the congru-
ence nature with regard to G; as a modulus. In other words, the
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Table 4. Coset Representations D,,(/C,) and D»,(/C,)®®

ACCOUNTS

Element CR CR Subgroup (up to conjugacy)
of Doy D,,(/C)) D,4(/Cy) C, G C C S C D Dy

I ~  (HOBGBG)OMNE®) (HB)E) X X X X X X X X
Coy ~ (12)(34)(56)(78) (12)(34) X X X
Cy2) ~ (13)(24)(57)(68) (13)(24) X X
Cy3) ~ (14)(23)(58)(67) (14)(23) X X X X X
an T 152DG6ES D2 @ X X *
S0~ (1746)(2538) (1243) X X
S~ {647)(2835) 1342) X X
Ou(2) -~ (18)(26)(37)(45) 1H2)A3) X X

cosets on the right-hand side of Eq. 16 are regarded as residue
classes modulo G;. By keeping this in mind, the sphericity is de-
fined as the congruence of such a G(/G;)-orbit with regard to the
chirality/achirality of G; as a modulus. As a result, the cosets on
the right-hand side of eq.16 are congruent so that, if G is achiral
and G; is chiral, the cosets are classified into a set of cosets con-
taining only proper rotations and another set of cosets containing
only improper rotations; if both G and G; are achiral, the cosets
give a set of cosets containing both proper and improper rotations;
and, rather trivially, the cosets give a set of cosets containing prop-
er rotations if both G and G; are chiral. These cases corespond re-
spectively to enantiospheric, homospheric, and hemispheric cases
listed in Table 1. A more general treatment has been reported in
terms of subductions represented by G(/G;) | G™* or double
coset decompositions represented by Z,G;gG"*, where the sym-
bol G™ represents the maximal chiral subgroup of G.'*°

A2, Illustrative Examples. Each permutation represened by
Eq. 17 can be alternatively in the form of a product of cycles, e.g.,

(1234

1324 (18)

) = mes
Let us examine the orbit A, (Eq. 2) of the four bridgehead posi-
tions of adamantane-2,6-dione of D,,-symmetry. Since the local
symmetry of the orbit is C;, Eq. 16 for this case is represented by
the following coset decomposition:

Dyy = C; + CiCoy + CiCo) + CiCy3, (19)
As aresult, we obtain the following permutation for the proper ro-
tation Cy(y):

C . ( Cx CsC2(1) CsCZ(2) CS‘C2(3) )
am C,Cyy C.\-szu) C,Cr2)Caqy CiCo3)Cony
_ ( C; CGyny CiCy CsC2(3))
CSCZ(I) C: C5C2(3) CSCZ(Z)
1234
= = 20
(2 14 3) 12)334) (20)

Similarly, we can obtain permutations for the other operations of
D,,. They construct a CR D,,(/C;) collected in Table 4 in the form
of products of cycles. Since each permutation for an improper ro-
tation corresponds to the conversion into a mirror image, it is des-
ignated by an overline. The resulting CR D,,(/C,) is assigned to

the orbit A, shown in Fig. 1 by placing as follows:

H@W H® HO H®
2{1 4 2 3

Table 4 also contains the concrete form of the CR D,,(/C,). The
correspondence between the CR and the orbit A, (Fig. 1) is con-
firmed by placing as follows:

H@ H® H© H@ H@ H® HO H@
1{1 3 4 2 8 7 5 6

The subduction of CRs are accomplished by such data as col-
lected in Table 4. For example, the subduction D,,(/C,) | C; (cf.
Eq. 3) is conducted by selecting the permutations for C; from Ta-
ble 4. The resulting group C,; = {(1)(2)(3)(4), (1)(2 3)(4)} brings
out the division into three sets of positions, i.e., 1; 2 and 3; and 4.
The two one-membered sets are assigned to the CR C(/C,), while
the two-membered set corresponds to the CR C,(/C,). This alge-
braic process is represented by Eq. 3, which has once been ob-
tained intuitively. The subduction data collected in Table 3 have
been obtained in a similar but more algebraic method.*®
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